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Abstract--The onset of mixing in the shear layer located between two coincident laminar streams of 
different velocity in a thin, ribbon-like channel is studied. Globally unstable density stratification is 
employed, which, with certain experimental conditions, results in augmented mixing and entrainment, and 
disruption of mass transfer of solid particles compared to channels with stable density gradients, and 
laminar, two-dimensional flow. The mixing onset boundary is quantified in terms of the Reynolds number, 
Richardson number, and channel flow rate ratios using a newly developed mixing onset parameter R. The 
results inliicate that unstable density gradients, rather than shear gradients, are most responsible for 

inducing the mixing. 0 1998 Elsevier Science Ltd. All rights reserved. 

INTRODUCTION 

The present study focuses on the instabilities and mix- 
ing which develop from stratification of density in 
the shear layer between two coincident streams of 
different velocity. Much attention has been devoted 
to this and related areas to improve understanding of 
geophysical flows with shear-induced mixing [l-l 11, 
distribution of chemical pollutants in the atmospheric 
boundary layer [12-l 61, and non-premixed reacting 
and combusting flows [12-l 61. 

t Author to whom correspondence should be addressed. 
$ Distinguished Professor J. Calvin Giddings passed away 

on 24 October 1996 after a prolonged and courageous battle 
with cancer. Professor Giddings will always be remembered 
for his outstanding contributions in the areas of Chro- 
matography and Separation Science. Of his numerous 
honors and awards, he received the ACS (American Chemi- 
cal Society) Award in Chromatography and Electrophoresis, 
the ACS Award in Analvtic Chemistry, the ACS Award in 
Separation Science and Technology, ;he Tswett Medal in 
Chromatography, and the Nichols Medal. He was twice 
nominated for the Nobel Prize in 1984 and 1992. Professor 
Giddings will also be remembered for his important con- 
tributions to the lives of the first two authors. We greatly 
miss our friend, colleague, and mentor. 

The geophysical investigations are conducted 

directly in the ocean or other large bodies of water [l- 
51, or using laboratory experiments which scale the 
geophysical flows [6-l 11. In the latter cases [cl 11, a 
free shear layer is generally produced in a large open 
channel at high Reynolds numbers (i.e. from lo’-103) 
with a pressure gradient of approximately zero. The 
two streams are most often arranged with globally 
stable density gradients such that heavier fluid is 
located beneath the lighter fluid. The shear at the 
interface of the two streams is surrounded by uniform 
shear free flow creating the conditions for the devel- 
opment of Kelvin-Helmholtz instabilities. The result- 
ing streamwise vortex tubes and Kelvin-Helmholtz 
rollers containing spanwise vorticity are both impor- 
tant in regard to mixing and entrainment between the 
two fluid streams. According to Schowalter et al. [l 11, 
density stratification not only alters the evolution of 
the streamwise vortex tubes, but also induces the 
development of an additional collection of vortex 
structures. 

Komori et al. [ 12, 131, Nagata and Komori [ 14, 151, 
and Komori and Nagata [16] examine turbulent and 
molecular species diffusion across stratified mixing 
layers as applied to pollutant dispersal, and to chemi- 
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NOMENCLATURE 

&~bk area of retrieval plot under stable 
density gradient conditions 

Aunsta~e area of retrieval plot under unstable 

b 
d 
dc 
El 

density gradient conditions 
channel breadth 

Fh 

1 

L 
R 
Re 
Ri 
s 
3’ 

u 

particle diameter 
particle cut-off diameter, equation (3) 
fraction of particles retrieved from 
outlet a, equation (4) 
fraction of particles retrieved from 
outlet b, equation (5) 
integral length scale characterizing 
vertical extent of mixing, equation 

(8) 
channel length 
mixing onset parameter, equation (11) 
Reynolds number, equation (7) 
Richardson number, equation (6) 
sedimentation coefficient, equation (2) 
channel streamwise coordinate 
measured from downstream edge of inlet 
splitter plate 
local streamwise velocity 

u 

UC 
Uf 
%) 
V(a’) 
@4 
v(b') 
M’ 

x 

z 

transfer particle sedimentation 
velocity, equation (1) 
spatially-averaged carrier velocity 
spatially-averaged feed velocity 
volumetric flow rate exiting outlet a 
volumetric flow rate entering inlet a’ 
volumetric flow rate exiting outlet b 
volumetric flow rate entering inlet b’ 
channel thickness 
channel streamwise coordinate 
channel traverse coordinate. 

Greek symbols 
AU U,- U, 

AP overall density difference between the 
feed and the carrier substreams, or 
local density difference, pf- pc 

1? fluid viscosity 

P spatially-averaged density in all or part 
of the channel 

PC 
Pf 
PP 

density of the carrier substream 
density of the feed substream 
particle density. 

cal and combustion reactions. Stable and unstable 
density gradients are investigated in homogeneous 
turbulence downstream of turbulence generating 
grids, generally without shear [12-161. This is 
accomplished by introducing the two fluid streams at 
the same mean velocity. Some of these investigators’ 
more recent research efforts focus on an experimental 
scheme to track instantaneous species concentrations 
[12], cross-correlations of species fluctuation con- 
centrations in non-premixed homogeneous turbulence 
[ 131, differences between turbulence diffusions of 
active heat and passive mass gradients [14], Prandtl 
number effects [15], and effects of molecular diffus- 
ivities on turbulent heat and mass transfer [16]. 

The present work focuses on density stratification 
in shear layers as applied to the continuous separation 
of polystyrene latex particles ranging in size from l- 
35 pm contained in a liquid stream (FL-70 detergent, 
sodium azide bacteriocide, and dissolved sucrose). 
The system employed is called a SPLITT channel and 
the process is referred to as SPLITT Fractionation or 
SF [ 171. One such SF system is illustrated in Figs. 1 (a) 
and l(b). As shown, the channel is designed to split 
or separate two different flow substreams using splitter 
plates oriented in X-Z planes located at each end of 
the channel. SF is unique as it utilizes a powerful and 
generic strategy for rapid and continuous separation 
of particles with sizes as small as 0.01 ,um and as large 

as 100 pm. By applying different kinds of fields or 
driving forces across the transverse direction of the 
laminar channel flow, particulate as well as mac- 
romolecular particles can be separated. To date, SF 
has been employed with a variety of different 
fields/gradients imposed in the transverse direction, 
such as gravitational, centrifugal, cross-flow, and con- 
centration, to name a few [17]. In the present inves- 
tigation, a gravitational field is employed because it 
works well for separation of particles larger than 1 

pm. 
Because our application is considerably different 

from that of other investigations of shear layers with 
density stratification [l-16], our channel and exper- 
imental set-up are also significantly different. In con- 
trast to previous experiments which focused on geo- 
physical phenomena [Cl I], globally unstable density 
gradients are employed in the present study such that 
higher density fluid streams are located above the 
lower density streams (again, see Fig. 1). In addition, 
a streamwise pressure gradient is required in our 
enclosed channel, which is also relatively thin and 
ribbon-like with a thickness of 635 pm. The length is 
20 cm and the breadth, b is 4 cm, giving an aspect 
ratio of 63. Because of the relatively long and narrow 
inlet passages, both substreams are fully developed 
before they reach the downstream end of the inlet 
splitter plate just prior to initial shear layer formation. 
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Fig. 1. Schematic of channel employed showing : (a) paths of polystyrene latex particles under nominal, 
stable operation, and (b) paths of polystyrene latex particles with mixing due to unstable density strati- 

fication. 

In the other larger-scale geophysical studies men- 
tioned [l-11], boundary layers are present prior to 
shear layer formation and uniform shear free flow is 
present outside of the shear layers. Our study is also 
considerably different from efforts described by 
Komori and co-workers [12-l 61, who generally inves- 
tigate stably stratified mixing layers with homo- 
geneous turbulence and no shear. In contrast, the 
flows in our channel are nominally laminar with sig- 
nificant shear, and stratification which is globally 
unstable, as mentioned. 

The Reynolds: numbers and Richardson numbers 
used in our study are compared to ones from several 
other studies [7., 9, 111 in Fig. 2. Also included are 
results from another 1.59 cm thick channel used for 
flow visualization [ 181. Re and Ri values on the figure 
are from studies which employ density gradients 
which are both globally stable (open symbols, 
Ap < 0), and globally unstable (closed symbols, 
Ap > 0). Consequently, logarithms of absolute values 
of the Richardson number, Ri, are employed on the 
abscissa. No results from Komori and co-workers [ 12- 
16] are included in Fig. 2 since the flows they inves- 
tigate generally contain no shear. Consequently, both 
AU and I’ are zero in those studies, which prevents 
meaningful calculation of the Richardson and Reynolds 
numbers employed in Fig. 2. 

Figure 2 shows that our Reynolds numbers range 

0 Browand and Winant [7] 

* Schowalter et al. [l 11 

0 Koop and Browand [9] 

-’ SPLIT i ??il 
A 

-4 ! 
-1 0 1 2 3 

LOG(Re) 

Fig. 2. Ranges of experimental parameters covered by the 
present study and by three other investigations. Open sym- 
bols : globally stable stratification (Ap < 0, Ri < 0). Closed 
symbols : globally unstable stratification (Ap > 0, Ri > 0). 



from lo-‘-lo’ which are significantly lower than plane, termed the outlet splitting plane (OSP), exit 
values from three other studies [7,9, 111, and absolute outlet b. The rest exit outlet a, as shown in Fig. l(a). 
values of our Richardson numbers range from 10e3- The location of the outlet splitting plane is readily 
2 x 10’ which cover the same range of values used in adjusted by regulating the inlet and outlet channel 
several other investigations [7,9, 1 I]. The present data flow rates, p(a), li(b’), v(a), and ii(b) [17]. 
thus cover experimental conditions not previously With nominal stable operation, setting the channel 
investigated, thereby providing additional infor- flow rates also sets the ranges of particle sizes which 
mation on the relative importance of shear induced exit outlets a and b [17]. Under fixed flow conditions 
instabilities and instabilities due to density strati- in an SF channel, particles smaller than a certain size 
fication. Our study is the first to aim at understanding d,, exit entirely from outlet a, whereas ones larger than 
the onset of instabilities and resulting mixing from another sized, exit entirely from outlet b. The particles 
density stratification with polystyrene latex particles in between these two sizes (d,-do) are not fully resolved 
in a thin, ribbon-like channel. Because the mixing and exit both outlets in different proportions. The 
onset boundary is established, the presence of sub- specific diameter associated with the particle size 
stantial mixing in the channels employed in other which exits outlets a and b in equal proportions (i.e. 
applications can be determined when initial 50% exits outlet a and 50% exits outlet 6) is referred 
conditions, boundary conditions, Reynolds numbers, to as the particle cut-off diameter d,. It is given by [ 171 
and Richardson numbers are similar. Knowledge of 
the mixing onset boundary also allows similar SF 18n(@)-0.5I$z’)) 
channels to be operated with adequate particle sep- d, = 

aration resolution and successful separations of 
Wpp -PW 

(3) 

different sizes of particles. Unstable channel operation Thus, from equation (3), the cut-off diameter can be 

can thus be avoided wherein nominal mass transfer altered by changing the channel flow rates, p(u) and 

mechanisms are disrupted by unwanted mixing and P(a). SF theory [17] further provides tools to deter- 

entrainment processes. mine the locations of particles of all sizes throughout 
the channel, provided the situation illustrated in Fig. 
1 (a) is present and the flow is entirely laminar, stable, 

BACKGROUND and two-dimensional. 

Nominal mass transfer in an SF channel with stable, 
With mixing and/or entrainment in the channel, 

laminar, two-dimensional flow is illustrated by Fig. 
different sizes of particles are spread across the entire 

l(a). The top inlet substream (or feed substream), channel breadth as they are advected downstream, 

denoted a’, contains the particles to be separated (in 
and the situation illustrated by Fig. l(b) is present. 

this case, polystyrene latex particles), and often has a When this occurs, particles of all sizes exit the channel 

higher density than the bottom inlet substream (or through both outlets a and b, and mass transfer across 

carrier substream), which is denoted b’. Inlet and exit 
the channel thickness is considerably different com- 

flow rates in the channel are adjusted to produce lami- 
pared to a channel with stable, laminar, two-dimen- 

nar flow during nominal operation, and to give sional flow. Consequently, different sizes of particles 

li(b’) > p(i(a’) so that the top feed substream is com- 
are not resolved, and little or no separation of different 

pressed into a thin lamina close to wall A. Particle 
ranges of particle sizes occurs. Augmented mixing 

migration along the transverse direction is driven by and/or entrainment can occur due to local turbulence, 

a suitable field. In this study, gravity is employed, as or development of any one of a variety of vortex 

mentioned. The velocity which ordinarily induces the 
structures. With the present experimental arrange- 

mass transfer of the spherical particles from wall A to 
ment, Ap > 0 and fluid densities are higher in the feed 

wall B in Fig. l(a) is the sedimentation velocity U, 
stream than in the carrier substream (except for one 

given by baseline set of results wherein Ap < 0). The amount 
of mixing of all sizes of particles at outlets a and b is 

U = SG (1) strongly tied to the normalized magnitude of Ap, the 

where G is the field induced acceleration due to grav- 
difference in density between these two inlet sub- 

ity, and s is the sedimentation coefficient, expressed 
streams. The onset of such mixing and entrainment, 

using an equation of the form 
and the characterization in terms of this density 
difference, are the primary focus of this study. 

s = (P, -&)d2 
181 (2) 

EXPERIMENTAL APPARATUS AND 

Thus, based on the magnitude of the driving force 
PROCEDURES 

from the induced field and the frictional resistance The channel 
experienced by different particles, they occupy differ- The channel inlets are supplied by two reservoirs 
ent transverse positions while the axial channel flow 6000 ml (carrier substream) and 100 ml (feed sub- 
displaces them towards the outlet end of the channel. stream) in size, which allow the facility to be operated 
Particles mobile enough to cross the second imaainarv v * continuously for up to 135 min. The splitter plates 
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span the entire channel breadth at each end (channel 
dimensions: L = 20 cm. b = 4.0 cm, and w = 635 
pm). Each splitter plate is made of stainless steel and 
is 127 pm thick and 8 cm long. Ends are machined to 
be flat with sharp corners. At the inlet, the splitter 
plate and channel walls provide a development length 
of 159 hydraulic diameters which is sufficient to pro- 
duce fully developed channel flows at the downstream 
edge of the splitter plate. The inlet feed substream to 
the channel is pumped using a Gilson Inc. miniplus 
peristaltic pump, which provides 0.75 ml/min to inlet 
a’. A FM1 Inc. QD-0 peristaltic pump provides 5-21 
mL/min to supply the carrier substream at inlet b’. 
The flow rates a.t the two outlets denoted a and b are 
controlled by adjusting the back pressure in the flow 
lines. 

Fluid stream characteristics 
The fluid used at both channel inlets (feed and 

carrier substreams) is an aqueous solution of 0.1% 
weight by volume of FL-70 detergent and 0.02% 
weight by volume of sodium azide bacteriocide. Poly- 
styrene latex particles with nominal diameters ranging 
in size from l-35 pm and density of 1.05 g/ml are 
additionally employed in the feed substream. The den- 
sity of the feed (pr) and/or carrier (pJ substreams is 
modified by adding sucrose crystals dissolved in water 
to vary the degree of stratification between the two 
substreams. The sucrose is added to the feed sub- 
stream to produce unstable stratification (pr > pJ and 
to the carrier substream to produce stable strati- 
fication (pc > p). The polystyrene latex particles are 
thus tracers which follow events in the flow and then 
indicate the nature of these events by their size dis- 
tributions at the two channel outlets. 

Measurement ojdistributions of particle sizes 
Distributions of the sizes of the polystyrene latex 

particles at the exits of the channel are analyzed and 
measured using a FFFractionation Inc. model SlOl 
sedimentation field-flow fractionation (SdFFF) 
system. This is a particle separation and charac- 
terization technique which works well for such analy- 
sis [19]. To accomplish the sizing, the sample is first 
injected into th’e SdFFF system. Eluted samples are 
then monitored by a Spectra 100 ultra-violet light 
variable wavelength detector operated at a wavelength 
of 254 nm. In SdFFF, particle retention is related to 
particle size thus, particles of different sizes elute at 
different times. The intensity of ultra-violet light 
absorbed in the detector is measured as different par- 
ticles elute and this provides a measure of the number 
of particles in the detector cell as a function of time. 
The corresponding variation of absorbed light inten- 
sity with time is then recorded and converted into a 
plot of absorbeld light intensity vs. particle diameter, 
using SdFFF software operated on a Zeos Inter- 
national 386SX-16/8 PC computer. This plot is then 
proportional to the variation of numbers of particles 
of a particular size vs. particle size. 

With this equipment and these procedures, poly- 
styrene latex particle size distributions are measured 
at exit outlet a and exit outlet b. The number of par- 
ticles of a particular diameter which exit through out- 
let a is denoted M,, and the number of particles of 
a particular diameter which exit through outlet b is 
denoted Mh. The ratios of the numbers of particles of 
a particular diameter exiting outlets a and b, and the 
numbers of particles of the same diameter which 
entered the channel in the feed substream are then 
determined. For a specific particle diameter, these are 
denoted using F, and F,,, respectively, which are then 
evaluated using the equations given by 

M 

Fa =M,+M, 
and 

Fb = I-F,. (5) 

Graphs of F, and F,, vs. particle diameter, d, are 
referred to as retrieval plots or recovery plots. 

Comparing variations of F, and d for different 
experimental conditions provides a quantitative indi- 
cation of the amount of mixing and entrainment in the 
channel. With nominal channel flow, particles smaller 
than diameter d,, leave the channel through exit a. The 
F, vs. d plot for these particles then represents stable, 
laminar, two-dimensional channel behavior. Larger 
differences between this plot and other retrieval plots, 
which produce lower F, values at a particular particle 
diameter, indicate greater deviations from nominal 
channel behavior. 

Micrographs 
Micrographs showing the polystyrene latex par- 

ticles are obtained using a Hitachi S-450 scanning 
electron microscope located in the Biology Depart- 
ment of the University of Utah. 

Experimental conditions andprocedure 
Table 1 gives a summary of the experimental con- 

ditions studied. The velocity of the feed substream for 
all tests is 2.54 x lop3 m s-‘. For a fixed Ap, the vel- 
ocity of the carrier solution is altered to vary the 
Reynolds number from 1.1-5.6. Newly prepared feed 
and carrier solutions are then employed for each sub- 
sequent test condition at different values of Ap. All 
experiments are done at laboratory ambient tem- 
perature, which is usually approximately 24°C. Solu- 
tion densities are measured at 24°C using an AP Paar 
Corp. DMA model 602 high precision density meter, 
which gives values accurate to the sixth significant 
digit after the decimal in kg mm3. 

NUMERICAL PREDICTION SCHEME 

To obtain local streamwise velocities at different 
transverse and streamwise locations in the channel 
u(s’, z), numerical flow simulations are conducted 
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Table 1. Flow conditions employed for experiments and FLUENT calculations 

V(a’) I’(b’) v(a) AU 
(ml min-‘) (ml min-I) (ml min’) (Apip) x lo4 (cm s-l) Re Ri 

11.1 0.75 5 1.98 18.9 39.5 0.715 0.28 0.014 
8.12 0.0061 
6.22 0.0047 
2.40 0.0018 

20.7 0.75 6.75 6 15.3 38.6 1.01 0.39 0.0057 
10 0.0037 
6.22 0.0023 
2.40 0.0009 

25.7 0.75 11 9 30.8 36.3 1.72 0.624 0.0037 
21.3 0.0026 
11.9 0.0014 
8.17 0.001 

29.8 0.75 16 12 77.8 33.3 2.56 0.852 0.0039 
40.2 0.0020 
28.9 0.0014 
21.3 0.0010 

34.6 0.75 21 16 77.8 30.9 3.30 1.05 0.0020 
59 0.0015 
47.7 0.0012 
40.3 0.0010 

using FLUENT software [20]. Distributions of u(s’, z) 
are needed for determination of the length scale 1’, 
which is employed to estimate Reynolds numbers and 
Richardson numbers. This approach is necessitated 
by the extremely small size of the channel used for the 
experiments, which prohibits the insertion and use of 
any sort of probe for measurement of local streamwise 
velocity distributions. 

In the FLUENT calculations, dimensions of the 
channel employed for the flow predictions is 1500 
pm long and 635 pm thick. The inlet splitter plate 
employed is 400 pm long. The program uses an iter- 
ative finite differencing numerical procedure to solve 
the Navier-Stokes equation governing the fluid flow. 
As the channel breadth is much greater than the chan- 
nel thickness, it is assumed that flow variations along 
the lateral direction are negligible in comparison to 
the variations along the transverse direction. Thus, 
the numerical flow simulations are two-dimensional. 
They are also carried out for all of the experimentally 
investigated flow conditions indicated in Table 1. 

To simulate the conditions present in the exper- 
iments, the density difference present in the isothermal 
flow between the feed and carrier substreams must be 
modeled. However, FLUENT lacks the capability to 
exactly model our experimental conditions wherein 
temperature is constant and the two fluid substreams 
contain different amounts of suspended solid particles 
with different densities and/or viscosities. This sof- 
tware limitation is overcome by predicting the charac- 
teristics of the two substreams at different tem- 
peratures to give the same density levels employed in 
the experiments. The thermal conductivities of the 
fluids in the FLUENT calculations are determined by 
equating Prandtl numbers (yc,/k) in the numerical 

calculations to experimental Schmidt numbers 

(r/l@). 

EXPERIMENTAL RESULTS AND DISCUSSION 

Characterization ofjow behavior 
Numerous investigators [9, 11,211 employ the Rich- 

ardson number to characterize aspects of stratified 
shear layers. The dimensionless Richardson number 
is also used in this study to quantify channel behavior. 
The form employed here is the ratio of the square of 
the natural convection velocity scale to the square of 
the forced convection velocity scale. Following 
Schowalter et al. [ 111, the Richardson number is then 
given by 

Ri = (ApldGl 
(Au)’ 

where G is the acceleration due to gravity. 
All data in Table 1 are obtained for Ap > 0 and 

pr > pc, or Ri > 0, which correspond to unstable den- 
sity gradient conditions within the channel. Larger 
positive Richardson numbers thus indicate larger nor- 
malized magnitudes of the difference in density, 
Ap = (pr-pJ, between the upper feed substream and 
the lower carrier substream. As positive Richardson 
number increases, global and local density gradients 
across the mixing layer thus become more unstable. 
Note that the Ap density difference is normalized by 
AU, the velocity difference between the two streams. 
Consequently, the Richardson number given by equa- 
tion (6) can also be thought of as the normalized ratio 
of the density gradient (which drives the buoyancy 
instabilities) and the square of the overall velocity 
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gradient (which provides a shear mechanism to induce 
flow instabilities). 

When pr < pC, stable density gradients are present 
across the mixing layer in the channel, Ap < 0, and 
the Richardson number is less than zero. One stable 
density gradienl: is investigated in this study (as a 
baseline data set) at a Richardson number of 
- 0.0045. 

The Reynolds number is also based on the length 
scale I’ and velocity difference AU. It is given by 

Re = NAU 
‘1 

(7) 

In the present study, the Reynolds number is changed 
by altering AU. Richardson numbers are altered by 
varying either Ap or AU. Ap is varied using dissolved 
sucrose crystals, as mentioned, and AU is changed by 
altering the carrier substream velocity. 

Distributions of local streamwise velocity and length 
scale 1’ 

Profiles of the local streamwise velocity down- 
stream of the inlet splitter plate are presented in Fig. 
3. Numerically predicted values in the figure are pre- 
sented at x locations ranging from 42331500 pm for 
v(a) = 9.0 ml min-‘, p(b) = 2.75 ml min-‘, 
p(a’) = 0.75 ml min’, and p(b’) = 11.0 ml min’, 
which correspond to Re = 0.624, I’ = 36.3 pm, 
d, = 25.7 pm. The development of the velocity profiles 
as the shear layer advects downstream is apparent. As 
momentum is diffused in the z direction, the profiles 
with two local maxima change shape until a single 
maximum is present in each profile near the spanwise 
center of the channel. 

The characteristic integral length scale Z’ employed 

0.00 k , I I i 

0.00 200.00 400.00 600.00 

z (Cl@ 
Fig. 3. Local streamwise velocity surveys from numerical 
simulations calculated at different streamwise locations 
downstream of the splitter plate for Re = 0.624, I’ = 36.3 pm, 
d, = 25.7 pm, v(o) = 9.0 ml min;‘, v(b) = 2.75 ml min-‘, 

in the Richardson number and Reynolds number pro- 
vides a measure of the vertical extent of the shear layer 
and the mixing which occurs across it [9, 111. It is 
determined at a location x = 460 pm, or 60 pm down- 
stream of the splitter plate (which is 400 pm long in the 
numerical field) because this is where the maximum 1 
value is predicted. The length scale is estimated using 
an equation having the form 

- u(z))@(z) - uf) dz (8) 

where u(z) is the local streamwise velocity at different 
transverse locations just downstream of the splitter 
plate, and u, and ur represent the local maximum mag- 
nitudes of the velocity distributions in the carrier and 
feed substreams, respectively. The limits of the inte- 
gral, z, and z,, extend from one local velocity 
maximum to another. Equation (8) is similar in form 
to 1’ equations by Koop and Browand [9] and 
Schowalter et al. [ 111. 

Plots of the variation of normalized length scale 
I’ with velocity ratio ti(a)/p(a’) and with Reynolds 
number are presented in Figs. 4 and 5, respectively. 
Data are given for the 635 pm thick channel, as well 
as for one which is 1.59 cm thick. In the latter case, a 
0.318 cm thick splitter plate is used in the FLUENT 
calculations. In both figures, the length scales for the 
two channels, normalized by channel thickness, cover 
the same ranges of values. When results from the two 
channels are compared at the same v(a)/v(a’) or Re, 
important differences due to channel thickness w are 
evident. These differences are due to different shear 
layer thicknesses and behavior which are tied to the 
splitter plate thickness and channel profile charac- 
teristics just upstream of the end of the splitter plate. 
Generally, Figs. 4 and 5 show decreasing l’/w as either 

.O 

V(a)ni(a’) 
Fig. 4. Variation of normalized shear layer length scale with 
velocity ratio v(u)/r’(a’) for a 635 pm thick channel and a 

1.59 cm thick channel. v(a’) = 0.75 ml min-‘, and V(b’) = 11 .O ml min-‘. 
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0.07 

0.06 

8 0.05 

0.04 

0.03 
c 2.0 4.0 c 

Re 
Fig. 5. Variation of normalized shear layer length scale with 
Reynolds number for a 635 pm thick channel and a 1.59 cm 

thick channel. 

p(a)/ri(a’) or Re increase. Koop and Borwand [9] 
show how normalized magnitudes of 1’ vary in a 
stratified shear layer for 250 < Re < 350 and 
0.05 < Ri <: 0.20. 

Retrieval plots and micrographs with stable and 
unstable channeljows 

A micrograph of the original polystyrene latex par- 
ticle sample is presented in Fig. 6. The scale line just 
below the photograph is 50 pm long. By comparing 

Fig. 6. Micrograph of the original polystyrene latex particle 
sample with diameters ranging from l-35 pm. 

this with the particles in the figure, particles with diam- 
eters ranging from l-35 pm are evident. 

After these particles are inserted into the channel 
feed substream, and then collected at the channel out- 
let a, retrieval plots such as the ones presented in Fig. 
7 are obtained. To obtain these data, different density 
gradients are produced across the channel shear layer 
to give positive Richardson numbers (with unstable 
density gradients and Ap > 0) ranging from & 
f0.0037. In all cases, Reynolds number is 0.624, 
v(a’) = 0.75 ml mini’, v(b’) = 11.0 ml min’, 
v(a) = 9.0 ml mini’, and p(b) = 2.75 ml mini’. 

In each of the four parts of Fig. 7, the retrieval plot 
for a particular Richardson number greater than 0 
(producing an unstable density gradient) is compared 
to the retrieval plot for a negative Richardson number 
of -0.0045. This latter case corresponds to a channel 
with a stable density gradient wherein pr < pc, as men- 
tioned. As the Richardson number increases, differ- 
ences between the retrieval plots for Ri > 0 and 
Ri = -0.0045 become greater. Thus, smaller per- 
centages of particles with diameters smaller than d, are 
recovered through channel outlet a as the Richardson 
number increases. Consequently, mixing and entrain- 

2 0.5 P 
Ri=0.0026 ??

x 

0 
0 10 20 30 

d(wQ 
Fig. 7. Retrieval plots illustrating stable (Ri = -0.0045) and 
unstable (Ri = +O.OOlO, +0.0014, +0.0026, +0.0037) 
channel behavior for Re = 0.624, dC = 25.7 pm, I’ = 36.3 pm, 
v(a) = 9.0 ml min’, p(b) = 2.75 ml min-‘, v(a’) = 0.75 ml 

min-’ and v(‘(b’) = 11 .O ml min-‘. 
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(a: 

(W 

Fig. 8. Micrograph of the polystyrene latex particle samples taken from the exits of the channel for 
Re = 0.39, I = 38.6 pm, d, = 20.7 pm, v(a) = 6.0 ml min- ‘, V(b) = 1.5 ml min-‘, V(a’) = 0.75 ml min-’ 
and v(b’) = 6.75 ml min-‘. (a) Ri = -0.0045, stable channel flow, outlet a, (b) Ri = -0.0045, stable 
channel flow. outlet b. Cc) Ri = t0.0055. unstable channel flow, outlet a, (d) Ri = +0.0055, unstable 

channel flow, outlet b. 

ment become more important as the Richardson num- imental conditions as the results in Fig. 7. The size 
ber increases. scale of the Fig. 8 photographs is the same as for the 

This effect is also evident in the micrographs shown photographs in Fig. 6. Figure 8(a) shows the particles 
in Fig. 8. These are obtained for about the same exper- which emerge from outlet a, and Fig. 8(b) shows the 
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particles which emerge from outlet b with 
Ri = - 0.0045 and stable, two-dimensional, laminar 
flow in the channel. The two ranges of particle diam- 
eters in Figs. 8(a) and 8(b) are distinctly different from 
each other, and delineated approximately at the value 
of the cut-off diameter, d,, given by equation (3), 
which is 20 pm. Particle diameters in Fig. 8(b) are 
consistently larger than 20 pm, and particle diameters 
in Fig. 8(a) are consistently smaller than 20 pm (con- 
sidering the 50 /*m scale below each photograph), 
which is entirely consistent with the theory for SF 
channels [ 171. 

When the Richardson number is +0.0055, Fig. 8(c) 
for outlet a and Fig. 8(d) for outlet b show that all sizes 
of particles are present at each outlet. Such mixing 
is consistent with the results in Fig. 7. Experiments 
conducted at other flow conditions listed in Table 1 
show similar qualitative trends. 

Mixing onset parameter R 
To identify the mixing onset boundary which 

demarcates flow dominant with and without sub- 
stantial mixing in the channel, differences between the 
Ri < 0 retrieval plot and the Ri > 0 retrieval plots are 
quantified. This is done by evaluating the fractional 
difference between the areas under the retrieval plots 
obtained for outlet a, such as the ones shown in Fig. 
7. Areas for stable and unstable density gradients are 
given by 

I 

f’,“,X 
Astab,e = F<i,stab,e dd (9) 

d,“,” 

and 

I 

d “UX 
A unstable = F a.unatam dd (10) 

d “7,” 

respectively. Here, d,,,,, and d,,,,” are the largest and 
the smallest particle diameters in the feed sample, 
respectively. The quantitative magnitudes of each 
integral representing the area under an individual 
retrieval plot is obtained by numerical integration. 
The fractional difference denoted by mixing onset par- 
ameter R then has the form 

A 
R= stable - Aunstae 

Astaue 
(11) 

R thus provides a measure of the mixing and entrain- 
ment in the channel by indicating how different the 
Ri > 0 retrieval plot is from the Ri = -0.0045 
retrieval plot. From equations (4), (9)-(1 l), R vari- 
ations are entirely due to the ratio of the number of 
polystyrene latex particles exiting outlet a relative to 
the total number of polystyrene latex particles which 
enter the channel through the feed substream at inlet 
a’. As such, the particles act as tracers to indicate the 
amount of mixing and entrainment between the two 
fluid substreams in the channel. As mixing and 
entrainment increase, more particles of a particular 

diameter (less than dc) are spread over the channel 
cross-section, fewer particles are present at outlet a, 
and the larger is the mixing onset parameter R. Higher 
R are thus due to situations such as the ones illustrated 
in Figs. 8(c) and 8(d) wherein particles of all sizes 
(present in the original sample) exit both outlets a and 
b. 

The amount of this mixing is dependent upon the 
density difference between the carrier and feed sub- 
streams, as quantified by the Richardson number. The 
extent of density stratification influences thus seem 
to depend upon the Reynolds number, Richardson 
number, as well as other factors. The mixture of poly- 
styrene latex particles and fluid as a two-phase flow 
may also have some influence. As such, the particles 
probably alter the variations of R with Ri and 
v(a)/v(i(a’) by small amounts compared to a single 
phase flow with no particles but the same density 
gradients. 

To quantify the onset of mixing and entrainment in 
the present study, magnitudes of R are determined 
for all flow conditions listed in Table 1 for different 
Richardson numbers and channel volumetric flow 
rates. The variation of R as a function of Richardson 
number for different I’(a)/ P(a’) is shown in Fig. 9. As 
Ri increases, a steep increase in R is evident for each 
value of v(a)/ v(a’). In addition, the slope of the R vs. 
Ri line increases as P(a)/li(a’) increases. This occurs 

+(a> / V(d) 
. ..f7... 2. 6 

--a-- 8.0 
_._+ 

12.0 

__Z#&_ 16.0 
_.a__ 21.3 

0 5 10 15 

Ri x1000 
Fig. 9. Variation of mixing onset parameter R with Rich- 
ardson number for different values of the velocity ratio 

V(a)/ V(a’) 
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because, as V(LI)/~(~‘) becomes larger, the laminar 
flow from inlet a’ is located more closely to wall A 
(see Fig. l(a)) as it is advected downstream. As a 
result, relatively larger fractions of polystyrene latex 
particles are located in a smaller channel volume 
locally just downstream of the splitter plate. Particles 
continue to be maintained in this fashion as they 
advect downstream until significant sedimentation 
begins to occur. A larger range of particle sizes are also 
present above the outlet splitter plane as p(a)/ri(a’) 
increases. Consequently, more flow mixing occurs at 
a particular Richardson number than for situations 
where v(a)/ I’(a’) is less. The arrangements of different 
sized particles, which occur as P(a)/li(a’) increases, 
also augment Ap gradients locally over very small 
volumes, even though the overall density gradient for 
the entire channel (on which the Richardson number 
is based) may be less. 

Mixing onset boundary of the stratiJied shear layer 
The mixing onset boundary is the range of exper- 

imental conditions which demarcates channel 
behavior with very little or no mixing and entrainment 
from channel behavior with significant mixing and 
entrainment. The former condition is considered to be 
present when ~~~~~~~~~~ is at least 90% of Astable, which 
means that the (difference in the areas of the stable and 
unstable retrieval plots is less than or equal to 10%. 
This occurs when 10% or less of particles with diam- 
eters less than L!~ do not leave the channel from exit a. 
In equation form, this corresponds to 

R < 0.1. (12) 

The upper limit of equation (12) is identified in Fig. 
9. Intersections of this R = 0.1 line with lines through 
experimental data at different v(a)/ v(u’) in this figure 
thus locates corresponding critical Richardson num- 
bers Ri,, on the mixing onset boundary. Critical Rich- 
ardson numbers along this boundary thus vary with 
Ri and ri(a)/v(a’). 

The variation of Ri,, with Reynolds number is 
shown in Fig. 10 for different values of v(a)/v(a’). 
Also included in the figure are symbols representing 
all measured da.ta points. From this figure, it is evident 
that the line which indicates the mixing onset bound- 
ary is strongly dependent upon the Richardson num- 
ber with a significantly weaker dependence on the 
Reynolds number. This provides some evidence that 
the instabilities in the channel are more a result of 
unstable density gradients than shear gradients. This 
conclusion is also supported by the range of Reynolds 
numbers of the present stratified shear layers, which 
are shown in F’ig. 2 to be significantly less than ones 
employed in several other studies of mixing layers with 
globally stable stratification [7, 9, 111. Consequently, 
the shear layers, in our channel are significantly weaker 
than the shear layers of these other investigations. This 
brings up the question as to whether or not Kelvin- 
Helmholtz instabilities develop in our channel. If the 
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Fig. 10. Mixing onset boundary as dependent upon Rich- 

ardson number and Reynolds number. 

Kelvin-Helmholtz vortex structures do develop at 
Reynolds numbers less than two in our channel, they 
are probably triggered or initiated in some way by the 
disturbances induced by unstable density strati- 
fication. Alternatively, if the Kelvin-Helmholtz vortex 
structures ordinarily produced at higher Reynolds 
numbers are not present in our channel, then the 
observed mixing is induced by vortex structures which 
result from unstable density stratification alone [ 181. 

As Reynolds number increases from 0.3-1.1 in Fig. 
10, the critical Richardson number decreases from 
approximately + 0.00555+ 0.0010. This indicates that 
fluid particles are more likely to be mixed by density 
stratification between different flow laminate as shear 
in the mixing layer (as characterized by AU) becomes 
more significant relative to the magnitude of kine- 
matic viscosity. As Reynolds numbers become lower 
than 0.6, two-dimensional, stable, laminar flow with 
little or no mixing is present over a wider range of 
Richardson numbers. 

Figure 11 provides additional information on the 
dependence of the mixing onset boundary on channel 
volumetric flow rates. Here, all experimental data 
points are located on Ri vs. ti(a)/~(a’) coordinates, 
and the mixing onset boundary corresponding to 
R = 0.1 is illustrated by a dotted/dashed line. Like the 
results in Fig. 10, the mixing onset boundary in Fig. 
11 is strongly dependent upon the Richardson number 
with a significantly weaker dependence on channel 
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Fig. 1 I. Mixing onset boundary as dependent upon Rich- 
ardson number and velocity ratio r’(u)/ P(a’). Symbol labels 

are same as for Fig. 10. 

inertial forces characterized by the channel flow rate 
ratio ~(a)/~(~‘). As v(a)/P(a’) increases from 2.6 
21.3, the critical Richardson number decreases from 
approximately +0.0055-+O.OOlO. This means that 
mixing is more likely to occur at a particular Rich- 
ardson number as v(u)/v(u’) increases. The arrange- 
ments of particles of different sizes which occur as 
li(u)/v(u’) increases, mentioned earlier, are also 
important. This is particularly the case as a larger 
range of particle sizes are sustained above the channel 
outlet splitter plane, and as local density gradients in 
the channel are augmented. As the stratified shear 
layer advects further downstream, increasing amounts 
of sedimentation occur and more particles move in 
the transverse (i.e. -z) direction. As a result, both 
local and global density gradients decrease making 
the density across the channel more uniform. 

Figures 10 and I 1 both show that mixing is unlikely 
to be present in the channel when the positive Rich- 
ardson number is less than +O.OOlO. Within this range 
of experimental conditions, stable, two-dimensional, 
laminar channel flow is maintained for all exper- 
imental conditions used in this study (in spite of the 
presence of globally unstable density gradients). Such 
behavior provides additional support for the two scen- 
arios pertaining to Kelvin-Helmholtz instabilities, 
mentioned earlier, because it means that no mixing or 

any instability producing any mixing occurs at posi- 
tive Richardson numbers near Ri = 0, regardless of 
the magnitude of the Reynolds number. Another 
interesting characteristic of the Ri < +O.OOlO flows 
occurs when volumetric flow rates are adjusted so that 
particle cut-off diameter is 35 pm, which is the upper 
limit of range of particle sizes employed. With this 
situation, all polystyrene latex particles are nominally 
maintained above the outlet splitter plane all along 
their transit through the channel. Consequently, 
almost none of the particles exit the channel through 
outlet b. 

SUMMARY AND CONCLUSIONS 

The mixing onset boundary due to unstable density 
stratification in the presence of a shear layer is exam- 
ined in a thin, ribbon-like, 635 pm thick, rectangular 
channel at low Reynolds numbers (Re < 2). The 
effects of the mixing onset on mass transfer of solid 
particles in the channel are examined, especially as the 
flow deviates from two-dimensional, laminar, 
unmixed conditions. 

The experimental conditions locating the mixing 
onset boundary are characterized using a newly 
defined mixing onset parameter R. This parameter 
depends upon the number and size distributions of 
polystyrene latex particles which leave the channel 
through two different exits. Thus, the polystyrene 
latex particles are used as flow tracers to give an indi- 
cation of path line trajectories through the channel at 
different flow conditions. Flow mixing and entrain- 
ment, and disruptions to mass transfer mechanisms 
ordinarily providing good fractionation, are con- 
sidered present when exiting particle size distributions 
are different from theoretically determined dis- 
tributions [ 171 for two-dimensional, stable laminar 
mass transfer in the channel. This theory predicts a 
particle size cut-off diameter resulting from the gravi- 
tational cross field which approximately separates 
larger sized particles which normally leave the channel 
at the bottom exit from smaller sized particles which 
ordinarily leave the channel through the top exit. 

The mixing onset boundary is characterized in 
terms of the Richardson number of which it is a strong 
function. The mixing onset boundary shows sig- 
nificantly less dependence upon the channel Reynolds 
number and the flow rate ratio I’(u)/v(u’). In the 
experiments conducted, as v(a)/P(u’) increases from 
2.6-21.3, or as the Reynolds number increases from 
0.3-I. 1, the critical Richardson number at the mixing 
onset boundary varies between f0.0055 and 
+O.OOlO. The mixing and entrainment observed in 
our study are thus believed to develop from insta- 
bilities which result more from unstable density gradi- 
ents than shear gradients. 
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